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Abstract
The eccentricity matrix ε(G) of a graph G is obtained from the distance matrix
by retaining the eccentricities (the largest distance) in each row and each column. In
this paper, we give a characterization of the star graph, among the trees, in terms of
invertibility of the associated eccentricity matrix. The largest eigenvalue of ε(G) is
called the ε-spectral radius, and the eccentricity energy (or the ε-energy) of G is the
sum of the absolute values of the eigenvalues of ε(G). We establish some bounds for
the ε-spectral radius and characterize the extreme graphs. Two graphs are said to be
ε-equienergetic if they have the same ε-energy. For any n ≥ 5, we construct a pair of
ε-equienergetic graphs on n vertices, which are not ε-cospectral.
AMS Subject Classification(2010): 05C12, 05C50.
Keywords. Adjacency matrix, Distance matrix, Eccentricity matrix, Eigenvalue,
Energy, Spectral radius.
1 Introduction
All graphs considered in this paper are finite and simple graphs, that is graphs without
loops, multiple edges or directed edges. Let G = (V (G), E(G)) be a graph with vertex
set V (G) = {v1, v2, . . . , vn} and edge set E(G) = {e1, . . . , em}. The adjacency matrix of a
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graph G, denoted by A(G) = (auv)n×n, is the 0 − 1 matrix whose rows and columns are
indexed by the vertices of G, and is defined by auv = 1 if and only if the vertices u and v
are adjacent, and auv = 0 otherwise. For two vertices u, v ∈ V (G), let P (u, v) denote the
path joining the vertices u and v. The distance between the vertices u, v ∈ V (G), denoted
by dG(u, v), is the minimum length of the paths between u and v. Let D(G) = (duv)n×n
be the distance matrix of G, where duv = dG(u, v). The eccentricity e(u) of the vertex u is
defined as e(u) = max{d(u, v) : v ∈ V (G)}. A vertex v is said to be an eccentric vertex of
the vertex u if dG(u, v) = e(u). The diameter diam(G), and the radius rad(G) of a graph
G, is the maximum and the minimum eccentricity of all vertices of G, respectively. A vertex
u ∈ V (G) is said to be diametrical vertex of G if e(u) = diam(G). If each vertex of G has
a unique diametrical vertex, then G is called the diametrical graph which is studied and
referred to as even graphs in [3].
The eccentricity matrix ε(G) = (uv) of a graph G, which is introduced in [9, 12] and
further studied in [8, 9, 12], is defined as
uv =
{
dG(u, v) if dG(u, v) = min{e(u), e(v)},
0 otherwise.
In [9, 10], the eccentricity matrix is known as Dmax-matrix. The eigenvalues of the eccen-
tricity matrix of a graph G is called the ε-eigenvalues of G. Since ε(G) is symmetric, all of
its eigenvalues are real. Let ξ1 > ξ2 > . . . > ξk be all the distinct ε-eigenvalues of G, then
the ε-spectrum of G can be written as
specε(G) =
{
ξ1 ξ2 . . . ξk
m1 m2 . . . mk
}
,
where mi be the algebraic multiplicity of ξi for i = 1, 2, . . . , k. The largest eigenvalue of ε(G)
is called the ε-spectral radius and is denoted by ρ(ε(G)).
It is well-known that graph energy is a vital chemical index in chemical graph theory.
The energy ( or A-energy ) of a graph is introduced in [4], which is defined as
EA(G) =
n∑
i=1
|λi|,
where λi, i = 1, 2, . . . , n are the eigenvalues of the adjacency matrix of G. In a similar way,
the eccentricity energy (or ε-energy ) of a graph G is defined [11] as
Eε(G) =
n∑
i=1
|ξi|,
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where ξ1, ξ2, . . . , ξn are the ε-eigenvalues of G. Two graphs are said to be ε-cospectral if they
have the same ε-spectrum, and two graphs are said to be ε-equienergetic if they have the
same ε-energy. We are, of course, interested in studying about ε-equienergetic graphs which
are not ε-cospectral.
The Wiener index of a graph is an important and well studied topological index in
mathematical chemistry. It is defined as
W (G) =
1
2
∑
u,v∈V (G)
dG(u, v).
Similarly, we define the eccentric Wiener index (or ε-Wiener index) of a connected graph
G as follows
Wε(G) =
1
2
∑
u,v∈V (G)
uv.
As usual let K1,n−1, Pn and Kn denote the star, the path and the complete graph on n
vertices, respectively. For other undefined notations and terminology from graph theory, we
refer to [1]. We shall use the following results for the proof of our main results.
Lemma 1.1. Let A = (aij) and B = (bij) be two n × n matrices such that bij ≥ aij for all
i, j. Then ρ(B) ≥ ρ(A).
Lemma 1.2. [7, Lemma 2.1] The graph K1,n−1 is the unique graph, which have maximum
distance spectral radius among all graphs with diameter 2.
Theorem 1.1. [5](Interlacing Theorem) Let A be a symmetric matrix of order n and let
B be its principal submatrix of order m < n. Suppose λ1(A) ≤ λ2(A) . . . ≤ λn(A)are
the eigenvalues of A and β1(B) ≤ β2(B) . . . ≤ βm(B) are the eigenvalues of B. Then,
λi(A) ≤ βi(B) ≤ λi+n−m(A) for i = 1, . . . ,m, and if m = n − 1, then λ1(A) ≤ β1(B) ≤
λ2(A) ≤ β2(B) ≤ . . . ≤ βn−1(B) ≤ λn(A).
Definition 1.1. [5] (Equitable partitions) Let A be a real symmetric matrix whose rows and
columns are indexed by X = {1, 2, . . . , n}. Let pi = {X1, X2, . . . , Xm} be a partition of X.
The characteristic matrix C is the n × m matrix whose j-th column is the characteristic
vector of Xj (j = 1, 2, . . . ,m). Let A be partitioned according to pi as
A =

A11 A12 . . . A1m
A21 A22 . . . A2m
... . . .
. . .
...
Am1 Am2 . . . Amm
 ,
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where Aij denotes the submatrix (block) of A formed by rows in Xi and the columns in Xj.
If qij denote the average row sum of Aij, then the matrix Q = (qi,j) is called the quotient
matrix of A. If the row sum of each block Aij is a constant, then the partition pi is called
equitable partition.
Theorem 1.2. [2] Let Q be a quotient matrix of any square matrix A corresponding to an
equitable partition. Then the spectrum of A contains the spectrum of Q.
This article is organized as follows: In section 2, we show that the eccentricity matrix
of a tree, other than P4, is invertible if and only if it is the star. In section 3, we obtain
bounds for ε-spectral radius of graphs and characterize the extreme graphs. In section 4, we
construct a pair of non-cospectral ε-equienergetic graphs.
2 A characterization of star graph
In this section, we prove that among all trees, other than P4, star is the only graph for which
the eccentricity matrix is always invertible.
Theorem 2.1. Let T be a tree, other than P4, then the eccentricity matrix of T is invertible
if and only if T is the star.
Proof. Let T be the star on n vertices. As the distance matrix and the eccentricity matrix
of the star are same, so det(ε(T ) = (−1)n−1(n− 1)2n−2. Thus ε(T ) is invertible.
To prove the converse, first, let us consider the trees of order up to 4. For n = 2, 3, the
proof is trivial. For n = 4, P4 and K1,3 are the only trees of order 4, and the eccentricity
matrix of both the trees are invertible.
Let T be a tree on n ≥ 5 vertices other than the star. We will show that det(ε(T )) = 0.
Let P (v1, vm) = v1v2 . . . vm−1vm be a diametrical path of length m − 1 in T . Now consider
the following two cases:
Case(I): Let either v2 or vm−1 be adjacent to at least one pendant vertex other than the
vertices v1 and vm. Without loss of generality, assume that vm−1 is adjacent to p pendant
vertices, say, u1, u2, . . . , up. Then the rows corresponding to the vertices u1, u2, . . . , up and
vm are the same in ε(T ). Thus det(ε(T )) = 0.
Case(II): Let both the vertices v2 and vm−1 are not adjacent to any of the pendant vertices in
G other than v1 and vm, respectively. Since T is a tree other than the star, so diam(T ) ≥ 3.
If T is a tree on n ≥ 5 vertices and diam(T ) = 3, then one of the vertices v2 or vm−1
must be adjacent to at least two pendent vertices, and the proof follows from case(I). Let
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diam(T ) ≥ 4. Let us show that at least two rows of ε(T ) are linearly dependent. Now we
consider the following two subcases:
Subcase(I): Let diam(T ) = 4, and let P (v1, v5) = v1v2v3v4v5 be a diametrical path in T . Let
u1, u2, . . . , up be the vertices, other than v1 and v5, such that each ui has exactly one common
neighbour, say wi, with v3. It is easy to see that, the vertices u1, u2, . . . , up are pendant.
The rows corresponding to the vertices w1, w2, . . . , wp, v2, v4 and the row corresponding to
the vertex v3, in ε(T ), are linearly dependent .
Subcase(II): Let diam(T ) ≥ 5, and let P (v1, vm) = v1v2v3 . . . vm−1vm be a diametrical path
in T . Then the rows corresponding to the vertices v2 and v3 are linearly dependent in ε(T ).
Thus det(ε(T )) = 0 in all the above cases. Therefore, if the eccentricity matrix of T is
invertible, then T is the star.
3 Bounds for ε-spectral radius of graphs
In this section, we establish bounds for the ε-spectral radius of graphs, and characterize the
extreme graphs. In the next theorem, we derive a characterization for the star, among all
connected graphs with diameter 2, in terms of the ε-spectral radius.
Theorem 3.1. Among all connected graphs on n vertices with diameter 2, the star K1,n−1
is the unique graph, which has maximum ε-spectral radius.
Proof. Let G be a connected graph on n vertices such that diam(G) = 2. From the definition,
it follows that the eccentricity matrix ε(G) of G is entrywise dominated by the distance
matrix D(G). So by Lemma 1.1, ρ(ε(G)) ≤ ρ(D(G)). For K1,n−1, the star on n vertices,
the eccentricity matrix and the distance matrix are the same, and hence ρ(D(K1,n−1)) =
ρ(ε(K1,n−1)). By Lemma 1.2, ρ(D(G)) ≤ ρ(D(K1,n−1)) = (n − 2) +
√
n2 − 3n+ 3, and the
equality holds if and only if G is the star. Therefore, ρ(ε(G)) ≤ ρ(D(G)) ≤ ρ(D(K1,n−1)) =
ρ(ε(K1,n−1)), and the equality holds only for the star.
Next we establish an lower bound for the ε-spectral radius of a graph with given diameter,
and characterize the extreme graph.
Theorem 3.2. If G is a connected graph with diameter d ≥ 2, then ρ(ε(G)) ≥ d, and the
equality holds if and only if G is the diametrical graph with diameter d.
Proof. Let G be a connected graph with diameter d ≥ 2. Then there exists a 2× 2 principal
submatrix
[
0 d
d 0
]
whose eigenvalues are d,−d. Thus, by interlacing theorem, we have
ρ(ε(G)) ≥ d.
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Let G be a diametrical graph with diameter d. Then for each vertex v of G, the ec-
centricity e(v) = diam(G) = d, and the eccentricity attains for a unique vertex. So the
eccentricity matrix of G can be written as
[
0 dIk
dIk 0
]
, whose ε-spectrum is
{
d −d
k k
}
.
Thus ρ(ε(G)) = d.
Conversely, let ρ(ε(G)) = d. Suppose G is not the diametrical graph. Then we have the
following cases:
Case(I): Let G be a graph such that rad(G) = diam(G) = d. Then
B =
 0 d dd 0 0
d 0 0

is a principal submatrix of ε(G), and ρ(B) = d
√
2. Therefore, by interlacing theorem, we
have ρ(ε(G)) ≥ d√2 > d, which is not possible.
Case(II): Let G be a graph such that rad(G) 6= diam(G) = d. Then there exists a vertex
vk with eccentricity e(vk) = k < d. Let v1 be a vertex of G with e(v1) = d. Since G is a
connected graph, there is a path P (v1, vk) between the vertices v1 and vk. It is easy to see
that the eccentricity of any vertex which is adjacent to v1 is either d or d− 1. Hence, in the
path P (v1, vk) there always exists a pair of adjacent vertices u and v such that e(u) = d and
e(v) = d− 1. Let w be the eccentric vertex of u, that is, d(u,w) = d. Then d(v, w) = d− 1.
Since e(v) = d − 1 and w is an eccentric vertex of v, the vw-th entry of ε(G) is d − 1.
Therefore,
C =
 0 0 d0 0 d− 1
d d− 1 0

is a principal submatrix of ε(G), corresponding to the vertices u, v and w. Now, since ρ(C)
equals to
√
(d− 1)2 + d2, by interlacing theorem, we have ρ(ε(G)) ≥ √(d− 1)2 + d2 > d,
which is a contradiction.
Therefore, G is a diametrical graph. This completes the proof.
Corollary 3.1. Among the connected bipartite graphs on 2n (n ≥ 3) vertices, the graph
Wn,n has the minimum ε-spectral radius, where Wn,n is the graph obtained by deleting n
independent edges from the complete bipartite graph Kn,n.
Proof. Since Wn,n is obtained by deleting n independent edges from Kn,n, each vertex of
Wn,n has a unique diametrical vertex with eccentricity 3. Therefore, Wn,n is a diametrical
graph with diameter 3. So, by Theorem 3.2, we have ρ(ε(Wn,n)) = 3.
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Among the bipartite graphs on 2n vertices, K1,2n−1 and Kn,n are the only graphs of
diameter 2 and ρ(ε(K1,2n−1)) = 2(n − 1) +
√
4n2 − 6n+ 3 ≥ 3, ρ(ε(Kn,n)) = 2(n − 1) ≥ 3.
Therefore, the proof follows from Theorem 3.2.
The ε-degree of a vertex vi ∈ V (G) is defined as ε(i) =
∑n
j=1 ij. A graph G is said to
be ε-regular if ε(i) = k for all i [11]. Now let us establish a lower bound for the ε-spectral
radius of a graph in terms of eccentric Wiener index.
Theorem 3.3. Let G be a connected graph on n vertices with eccentric Wiener index Wε.
Then ρ(ε(G)) ≥ 2Wε
n
and the equality holds if and only if G is ε-regular graph.
Proof. Let x = 1√
n
[1, 1, . . . , 1]T be the unit positive vector of order n. By applying Rayleigh
Principle to the eccentricity matrix ε(G) of the graph G, we get
ρ(ε(G)) ≥ x
T ε(G)x
xTx
=
1√
n
[1, 1, . . . , 1]
1√
n
[ε(1), ε(2), . . . , ε(n)]T
=
1
n
n∑
i=1
ε(i)
=
2Wε
n
.
Now, if G is ε-regular, then each row sum of ε(G) is a constant, say k and hence ρ(ε(G)) = k.
Therefore, ρ(ε(G)) = k = nk
n
= 2Wε
n
, and hence the equality holds.
Conversely if equality holds, then x is an eigenvector corresponding to ρ(ε(G)) and hence
ε(G)x = ρ(ε(G))x. Therefore, ε(i) = ρ(ε(G)) for all i. Thus G is ε-regular. This completes
the proof.
Corollary 3.2. Let G be a connected graph on n vertices and m edges with diameter 2. If
G has k vertices of degree n− 1, then
ρ(ε(G)) ≥ 2(n
2 − n− 2m) + k(2n− k − 1)
n
. (1)
Proof. Let G be a connected graph of diameter 2 with vertex set {v1, v2, . . . , vk, vk+1, . . . , vn},
where v1, v2, . . . , vk are the vertices of degree n − 1. Therefore, e(vi) = 1 for i = 1, 2, . . . , k
and e(vi) = 2 for i = k + 1, . . . , n. Then
2Wε(G) =
n∑
i=1
ε(i) = k(n− 1) +
n∑
i=k+1
(
k + 2
(
(n− k)− (di − k)− 1
))
= k(n− 1) +
n∑
i=k+1
(
k + 2(n− di − 1)
)
= 2(n2 − n− 2m) + k(2n− k − 1).
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Thus the proof follows from Theorem 3.3.
In the next result, we obtain a lower bound for the ε-spectral radius in terms of ε-Wiener
index, and ε-degree sequence.
Theorem 3.4. Let G be a connected graph of order n with ε-Wiener index Wε and ε-degree
sequence {ε(1), ε(2), . . . , ε(n)}. Then
ρ(ε(G)) ≥ max
i
{ 1
n− 1
((
Wε − ε(i)
)
+
√(
Wε − ε(i)
)2
+ (n− 1)ε2(i)
)}
.
Proof. Let vi be a vertex of the graph G and ε(i) be its ε-degree. Let us partition the
eccentricity matrix of G with respect to the row corresponding to the vertex vi. Then the
quotient matrix corresponding to this partition is
A =
[
0 ε(i)
ε(i)
n−1
2
(
Wε−ε(i)
)
n−1
]
.
The eigenvalues of A are
µ1 =
1
n− 1
{(
Wε − ε(i)
)
+
√(
Wε − ε(i)
)2
+ (n− 1)ε2(i)
}
and
µ2 =
1
n− 1
{(
Wε − ε(i)
)−√(Wε − ε(i))2 + (n− 1)ε2(i)}.
From Lemma 1.2, we have
ρ(ε(G)) ≥ µ1 = 1
n− 1
{(
Wε − ε(i)
)
+
√(
Wε − ε(i)
)2
+ (n− 1)ε2(i)
}
.
Since this is true for all i, the proof is done.
Remark 3.1. The counterparts of the bounds provided in Theorem 3.3 and Theorem 3.4 for
the distance matrix case is known in the literature [6].
4 Construction of ε-equienergetic graphs
The problem of constructing non-cospectral equienergetic graphs is an interesting problem
in spectral graph theory. Motivated by this, in this section we discuss the construction of
ε-equienergetic graphs.
Lemma 4.1. Let Kp,q be a complete bipartite graph on n = p+ q vertices. If p, q ≥ 2, then
the ε-energy of Kp,q is 4(p+ q − 2).
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Figure 1: Non-cospectral ε-equienergetic graphs of order 5
Proof. The eccentricity matrix of Kp,q can be written as
ε(Kp,q) =
[
2(Jp − Ip) 0
0 2(Jq − Iq)
]
Therefore,
specε(Kp,q) =
{
2(p− 1) 2(q − 1) −2
1 1 p+ q − 2
}
, (2)
and hence Eε(Kp,q) = 4(p+ q − 2).
There are only two connected graphs of order 3, and only six connected graphs of order
4. By an elementary calculation, we can say that there does not exist any ε-equienergetic
graphs of order 3 and 4. Let us consider the graphs G1 and G2 of order 5 as shown in Figure
1. Therefore,
specε(G1) =
{
2(1±√2) −4 0
1 1 2
}
and specε(G1) =
{ ±2√2) ±2 0
1 1 1
}
.
Hence, Eε(G1) = 4 + 4
√
2 = Eε(G2). So, the graphs G1 and G2 are non-ε-cospectral ε-
equienergetic graphs of order 5. In the next theorem we show that, for n ≥ 6, there exists a
pair of non-ε-cospectral graphs which are ε-equienergetic.
Theorem 4.1. For n ≥ 6 and p, q ≥ 2, the graphs Kp,n−p and Kq,n−q are ε-equienergetic,
but not ε-cospectral .
Proof. Proof follows from Lemma 4.1.
Also, we have more general result. If Kn1,n2,...,nk is a complete k-partite graphs on n
vertices, where n =
∑n
i=1 ni with ni ≥ 2, then by Theorem 4.6 in [8], we have
spec(Kn1,...,nk) =
{ −2 2(n1 − 1) 2(n2 − 1) . . . 2(nk − 1)
n− k 1 1 . . . 1
}
.
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Thus, Eε(Kn1,n2,...,nk) = 4(n − k), which is independent of n1, n2, . . . , nk. Therefore, every
complete k-partite graphs are ε-equienergetic but not ε-cospectral if they have at least 2
vertices in each partition.
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